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We consider the solution of the nonlinear Schrodinger equation i&:81= 
-Au+f(u) and ~(0. .)=cp(.), where u is defined on [0, T)x KY” and/is a non- 
linear complex-valued function. We consider the case of the critical power. That is. 
f(z) z - 1~1~~~‘~ as c + + r in a sense which will be made precise. In addition, we 
suppose that u(t) blows up in the norm II .IIHa at time T. We prove that tc(t) has 
no limit in L’ as t + T. In the particular case where cp has a spherical symmetry, 
we further show a phenomenon of L’ concentration at the origin. 
Press. Inc 
I. INTRODUCTION AND MAIN RESULTS 
In the present paper, we consider the solution of 
equation 
f’ 1990 Academic 
the Schrbdinger 
i du/& = -Au +f(u) and 40, .I = cp(. ), (1.1) 
where A is the Laplace operator on RN, u: [0, T) x RN + @, f is a complex- 
valued function such that f(z) 2 - 1~1~‘~ z as z -+ + a, and cp E H ‘. More 
precisely, we say that u is a solution of Eq. (1.1) on [0, T) if and only if 
Vt E co, n, u(fj=S(f)(p-il'S(f-~)j(u(sj)ds, 
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where S( .) is the group with infinitesimal generator id (the Schrodinger 
group) and for each t, u(t) denotes the function x + u(t, x). 
In the particular case of f(z) = - 1~1 p-’ z with PE (1,2* - 1) (where 
2* = 2N/(N- 2) if N> 2, otherwise 2* = +X ), it is well known that for 
p 2 1 + 4/N, there are singular solutions of Eq. (1.1) for suitable initial data 
(see Zakharov, Sobolev, and Synackh [ 161, Glassey [S], M. Tsutsumi 
[ 121). That is, there are some solutions u(t) of Eq. ( 1.1) such that u( . ) E 
C( [0, T), H1 ) and lim, _ T Ilu(t)llHl= +oz. We study the behavior at time 
T of blow-up solutions in the critical case p = 1 + 4/N. For N = 2, this case 
has a physical interest: it can be considered to first approximation as a 
model of a planar laser beam which is propagating along a single direction 
t in R’. 
The phenomena which occur in the case where p = 1+4/N seem to be 
quite different from the other cases. Indeed, for p < 1 +4/N, blowing-up in 
finite time never occurs (Ginibre and Velo [3]). For p = 1 + 4/N, there are 
some examples of explicit blow-up solutions without a strong limit L2 at 
blow-up time (Weinstein [ 151, Nawa and M. Tsutsumi [9]). In the super- 
critical case 1 + 4/N < p < (N + 2)/( N - 2), the numerical computations 
(Lemesurier, Papanicolaou, C. Sulem, and P. L. Sulem [7]) and some 
mathematical analysis (Merle [8]) suggest that every blow-up solution has 
a strong limit in L2 at the blow-up time. 
In addition, in the critical case the explicit examples of blow-up solutions 
lose their L2 continuity because of a “mass concentration” phenomenon. 
That is, the L’ density concentrates at the blow-up points (Weinstein [ 151, 
Nawa and M. Tsutsumi [9]). 
In this paper, in the case where f(z) behaves like the critical power 
_ lzlW = as I=/ + +K, we consider the two following questions: 
Are there some blow-up solutions with a strong limit in L2 at blow-up 
time? 
Does the L2 concentration occur for blow-up solutions other than the 
already known explicit blow-up solutions? 
More precisely, we suppose that .f: @ + @ satisfies the following assump- 
tions: 
(F.1) f(O)=& 
(F.2) f is a continuously differentiable function such that there is 
g: [w -+ IR such that f(z) = g( lz12) 2, 
(F.3) f(z) = h(z) - 1~1~‘~ ;, where VZE@, j/z’(;)l <clzI’-- ’ for c>O 
and ldr<1+4/N. 
Under assumptions (F.l)-(F.3), Eq. (1.1) has a unique solution u(t) in 
H’ and there exists T such that Vt E [0, T), u(t) E H’ and either T= + ;x 
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or lim,, T Ilu(t)ilH1= +a (see Ginibre and Velo [3,4], Kato [6]. 
Cazenave and Weissler [ 1,2]). In addition, we have Vt E [0, T), 
Ilu(t L.2 = lld LZ. (1.2) 
E(u(t))= IlVN(t)lltl+~F(IU(t,.Y)I)d,K=E(5o), (1.3) 
where F(p) = 2 jg f(s) ds. We have the following theorem which answers 
the first question: 
THEOREM 1. .4ssume that f satisfies (F.l )-(F.3) and cp E H’. Assume 
fttrther that the solution u(t) in C( [0, T), H ‘) of Eq. (1.1) block up at 
time T. 
Then u(t) does not hatle a strong limit in L’ as t + T. 
In addition, we hatIe the stronger property that there is no sequence (t,, ) 
such that t,, + T and u( t,,) converges in L’ as t,, + T. 
Remark 1.1. It is already known that when f(z)= - I:14”‘; we can 
construct a local L’ solution of Eq. (1.1) for all initial data in L’ (Cazenave 
and Weissler [2], Y. Tsutsumi [ 131, Strauss [Ill). Therefore Theorem 1 
implies that for an initial datum cp E H’, the blow-up solution cannot be 
extended beyond the blow-up time in the strong topology of L’. That is, 
the blow-up time in H’ is the same as the blow-up time in L’. 
Remark 1.2. It is the first result of nonexistence of a strong limit in L’, 
in the case where h ~0. Indeed, we do not have the conformal invariance 
which is essentially used to find explicit examples of blow-up solutions. 
Remark 1.3. We do not need that IsI cp E L’ as in [S]. 
Assume now that cp has a spherical symmetry. then u(t) has the same 
symmetry. This symmetry implies that an L’ concentration occurs at the 
origin, at the blow-up time. 
THEOREM 2. Assume that J‘ satisfies (F. 1 )-( F.3), that cp has a spherical 
symmetry; and that N 3 2. Assume further that the solution u(t) in 
C( [0, T), H’) of Eq. (1.1) hlo~*s up at time T. 
Then the origin 0 is a blow-up point and for all R > 0, we haLIe 
where Q is a ground state solution of Eq. (1.4): -Au + u - Iu14 ‘” u = 0 in Iw”. 
Remark 1.4. For the definition of a blow-up point, see Proposition 2 in 
Section 3. 
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Remark 1.5. It is already known that there is a ground state solution 
of Eq. (1.4), that is, the nontrivial least energy solution of Eq. (1.4) (see, for 
example, Weinstein [14]). In addition, we remark that the bound ilQllL: 
depends only on the behavior offat infinity. 
Remark 1.6. In the case where f(z) = - 1~1~:~‘~ and IIqIIL2= ljQllL:, 
Weinstein proved this result. We generalize this result in the case where f 
is not the critical power and llqll L2 # IlQll Lo. 
Remark 1.7. As before, we do not need the conformal invariance nor 
that 1.~1 (PE L2. 
Remark 1.8. This result is optimal in the following sense. On one hand, 
there is an explicit example (see [15]) of blow-up solution such that for all 
R > 0, we have lim inf,, T Ilu(t L:,B(O, Rj, = IlQli L:. On the other hand, there 
are explicit examples of blow-up solutions Ri( t) such that for all R > 0, we 
have lim inf, j T II Ri(t)ll L~(B,O, Rj, = cli, where C(~ + +cc as i + + cc. 
Note. After this paper was completed, the referee pointed out to us that 
Theorem 2 is related to results obtained independently by M. I. Weinstein 
(“The nonlinear Schroedinger equation-Singularity formation, stability 
and dispersion,” in AMS-SIAM Conference on the Connection between 
Infinite Dimensional and Finite Dimensional Dynamical Systems, 
July 1987). There, M. I. Weinstein shows a result which implies that for 
f(z) = - 1z_14:.v ‘7, there exist t, + T, x, E R”, R,, + 0 such that 
lim II4t)ll L+mr,.R,)) 2 IIQII LL. 
n- +cc 
Furthermore, it is not restricted to the spherically symmetric case. 
Our plan in this paper is as follows. In Section 2, we give a proof of 
Theorem 1. In Section 3, we state a proof of Theorem 2. Finally, Section 4 
is devoted to further remarks. 
We conclude this section with several notations. We abbreviate Ly(Iw”) 
and II . II L4( W) to Ly and II .I) y, respectively. We put (T = 1 + ( 1 + 4/N) = 
2( N + 2)/N. Various positive constants will be simply denoted by c. 
II. NONEXISTENCE OF A STRONG LIMIT AT THE BLOW-UP TIME 
In this section, our purpose is to show Theorem 1. We remark that we 
have only to show the following proposition which is a stronger result than 
the nonexistence of a limit in L2 at the blow-up time. 
PROPOSITION 1. Assume that the nonlinearity f satisfies (F. 1 )-( F.3 ). Let 
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u(t) be rhe solution of Eq. (1.1) in C( [0, T), H ‘). Suppose that there is a 
sequence (t,) such that t, + T and u( t,) has a strong limit in L’ as n -+ +x. 
Then lIVu(t)ljL? belongs to L”(0, T). 
Proof: Let us consider the case wheref(z) = - 1~1~‘~~ Z; the proof in the 
general case will be the same. We claim this result as a consequence of the 
conservation of energy and the Sobolev inequality. 
We consider the conservation of energy 
vt E [O, T), IIwt)ll- (2/o) IlU(t)l E(v). (2.1) 
It follows from the equality (2.1) and the Gagliardo-Nirenberg inequality 
that Vln # m, 
Finally, some computation and the conservation law (1.2) yield for a 
fixed m 
vn, IIVu(t,,)Il~dc lIU(t,,)-uU(t,~)ll~~~ IIwt,,)/I;+C,,,, (2.2) 
where c,, depends on rn and the space dimension N, and c on N. 
Let us show that there is a c>O such that Vn, llVu(t,)ll,z<c. Since the 
sequence u(t,l) converges strongly in L2, there is a positive integer k such 
that for all n 2 k, m > k, c IIu( t,,) - u(t,,,)ll z-’ 6 i. Therefore, choosing 
m = k in the inequality (2.2), we obtain 
for ai1 n2nk, llVu(t,,)ll~6~ IIVu(t,)llS+ck, 
which implies with the conservation law (1.2) that the sequence u(t,,) is 
bounded in H’. 
The unique local solvability results in H’ for the Cauchy problem for 
Eq. (1.1) and the boundedness of u(t,l) in H’ yield Proposition 1. Indeed, 
we note that the existence time of the local solution of Eq. (1.1) depends 
only on the size of the H’ norm of the initial data (see Ginibre and Vefo 
C31, Km CSI). 
III. THE CASE OF SPHERICAL INITIAL DATA 
In this section, we prove Theorem 2. Hence we assume that cp has a 
spherical symmetry and N > 2. As before, we suppose that f(z) = - (~1~‘~ Z, 
since the proofs in the general case will be the same. We first prove some 
210 MERLE AND TSUTSUMI 
technical lemmas and then that the origin 0 is a blow-up point in a sense 
which is to be made precise. We further prove a lemma which measures the 
concentration of the norm L” at the point 0. Finally, we show Theorem 2. 
LEMMA I. Let u be a radially symmetric function in H 1 and R be an 
arbitrary positive constant. Then we have 
Proof It is a classical result. 
We denote in this section by pR a C” function such that pR(x)= 
~~(1x0, pR(.x)= 1 for 1.~1 6 R, pR(x)=O for 1.~1 >2R, and Vx, IpJ?c)l 6 1. 
We have the following result: 
LEMMA 2. Let u be a radially slvmmetric function in H ‘, p E 
[ 1 +4/N, 2* - I], and R be an arbitrar), positive constant. Then we have 
IIPRUII:~ Q c(IIvuI/L’,,.r, <7R, + ilull L?,,.,, <ZR))’ II”II:“y. 
Proof: Some calculations yield the result. 
We claim now that the origin 0 is a blow-up point in the following sense 
PROPOSITION 2. Assume that the initial data cp have a spherical sjw- 
metry. Moreover, assume that N b 2. Let u(t) be a solution of Eq. (1.1) which 
blows up at time T. Then the origin 0 is a blow-up point in the following 
sense.. 
(i) fOrdR>O, IIVu(t)l~L:(~.,\I<R)~‘x as t-+T, 
(ii) iffor t<T,u(t)EL”,forall R>O, lim,,.Ilu(t)ll,,,,.,,,.,~,x. 
Remark 3.1. The result is true in the more general case where the non- 
linearity f  satisfies the assumptions (F.l t(F.2) Vz, If’(z)1 < c( 1 + 1~1’~ ‘) 
for c > 0 and r E ( 1 + 4/N, 2* - 1) (Kato [6]) and r < 5 (which is the criti- 
cal power in dimension one). 
Remark 3.2. In contrast to the case of the heat equation where 
the semi-group has a regularizing effect, in the general case we say that 
xoE RN is a blow-up point if and only if for all R > 0, 
lim SUPr+ ?- ~IVU(f)lILZ(l.y-r~l cR) + cc. 
Proof: (i) We derive the result from the conservation of energy and 
Lemma 1. Let R be an arbitrary positive constant. We first remark that if 
cp has a spherical symmetry, then the unicity of the solution of the Cauchy 
problem implies that Vt, u(t) also has a spherical symmetry. 
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On the other hand, from the energy conservation law (1.3) we have 
Since (I~(f)ll;rL”(,~~,~~:?,~ IlpR:~u(t)ll;~, Lemmas 1 and 2 and the conserva- 
tion of the L’ norm (1.2) imply that for a c > 0 
jIVu(t)ll$ 6 c( IIVu(r)ll L:,,.r, < R, + c)2 + c llVlc(t)ll :,-2”2 + c. 
The facts that (CT - 2)/2 < 2 and ilVu(r)l) t: + CC as t + T yield part (i). 
(ii) We derive this from the same argument. From the equality (3.1), 
Lemma 2. and the conservation of the norm L2, we have 
and part (ii) follows using the same method as before. 
Let us state a lemma which gives a comparison of the behavior of 14 at 
blow-up time, in the sets {s; IsI > R) and {.Y: 1.~1 6 R), for a fixed R>O. 
LEMMA 3. Assume rhe sunze assurrzptions as in Theorem 2. Then for UN 
R > 0, w’e have 
lim [IIU(t)lI$l.yI,R) /Ilv(PRu(t))ll $1 = O. 
r-7- 
Proof. We claim it as a consequence of Lemma 1 and Proposition 2. 
Let R be an arbitrary positive constant. It follows from the conservation 
laws (1.2) (1.3) and Lemma 1 that 
IIVU(t)ll$,.,>R,= - tlVu(r)l,:~ I,.,, <R,+ t2b) Ih4(%‘,v,<Rl 
+ (Z/a) IlU(t)ll > R, + JYcp) 
6(2/a) IIU(tjl~~~,,.~,<R)+(2/a) Il”(r)llbL”,,.r,>R)+E(~) 
d c + c IIPRu(t)jlt “Lo + c Ilvu(f)ll (Lq-(l;‘:R) 
<c+c IIV(&$d(f)jll$+C Ilvu(r)ll$;,.;;2R,. 
Since (a - 2)/2 < 2 for Na 2, Proposition 2 implies the existence of a 
Kc +K such that 
limsup {Ilvu(r)l122,,.,,>R,/llv(pRu(r))lltz)=K’ 
r-7- 
(3.2) 
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Lemma 1 and the conservation of the L’ norm then imply that 
Finally, the fact that (CJ - 2)/2 < 2, Lemma 1, and (3.2) yield the result. 
We are now in position to prove Theorem 2. 
Proof of Theorem 2. We claim it as a consequence of Lemma 3 and the 
variational characterization of the ground state Q of Eq. (1.4). Let R be an 
arbitrary positive constant and pR be defined as before. 
On one hand, the energy conservation (1.3) implies that 
Moreover, we have by the conservation of the L’ norm 
-(2/O) IlpRU(f)ll;,< -(2/o) IIU(f)ll:u,,r,>R). (3.4) 
and 
Therefore 
Ilv(p.u(f))llf~IIVu(r)llf+c IIV(pR.u(r))l12+C~ (3.5) 
Equations (3.3)-(3.5) give us 
Ilv(pRu(t))l,-(2/0) Ilp,u(t)l,;<(2/~) Ibdr)~I~~(,r,>R,+C 11V(~Ru(r))112+c. 
(3.6) 
On the other hand, the variational characterization of the ground state I 
of Eq. ( 1.4) (see Weinstein [ 151) yields 
We obtain by (3.6) 
(1 - II~Ru(r)ll~~2/IIQII~~2) <t2/O) Il”(r)ll”L.(,.,,>R,/llv(PRu(t))ll: 
+ {c 11v(p,u(t))112+c}/llv(p.u(t))l15’ 
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Finally, this inequality, Proposition 2, and Lemma 3 show 
which completes the proof of Theorem 2. 
IV. FURTHER REMARKS 
In conclusion, many questions stay open, in the casef(z) = - )z14.” -?, for 
example. For arbitrary initial data with spherical symmetry, is the origin 
the only blow-up point or not? 
For a cp E H’, what does the set of blow-up points look like? 
What is the behavior of the solution u(t) at the blow-up points? 
If we denote the set of blow-up points by B and for an R >O the set 
{XE R” such that n(x, B)<RJ by B,, is it true that I)~(r)ll~:,~~, + Ilcp/IL2 as 
t+ T? 
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